The present paper is devoted to modelling of a probability measure of logical connectives on a quantum logic (QL), via a G-map, which is a special map on it. We follow the work in which the probability of logical conjunction, disjunction and symmetric difference and their negations for non-compatible propositions are studied.
Introduction
The problem of modelling of probability measures for logical connectives of non-compatible propositions started by publishing the paper Birkhoff, G.,
Basic definitions and properties
In the first part of this section, we recall fundamental notions: orthomodular lattice, compatibility, orthogonality, state, and their basic properties. For more details, see [3, 21] . In the second subsection, we recall some situations with two-dimensional states allowing to model a probability measure of logical connectives in the case of non-compatible events [8] , [11] - [17] , [24] .
Quantum logic
1.1 Definition. An orthomodular lattice (OML) is a lattice L with 0 L and 1 L as the smallest and the greatest element, respectively, endowed with a unary operation a → a ′ that satisfies: (i) a
(the orthomodular law). 
Note that the notions state and probability measure are closely tied, and it is clear that m(0 L ) = 0.
There exist three kinds of OMLs: without any state, with exactly one state and with infinite number of states (see e.g. [20] ). The first and the second type of OLMs as a basic structure are not suitable to build a generalized probability theory. The last type of OMLs, which has infinite number of states is considered in the present paper.
Definition. An OML L with infinite number of states is called a quantum logic (QL).
When studying states on a quantum logic, one can meet some problems, that do not exist on a Boolean algebra. It means, that some of basic properties of probability measures are not necessarilly satisfied for noncompatible random events. Here are some of them: Bell-type inequalities (e.g. [9, 10, 22, 24] ), Jauch-Piron state, (e.g. [2, 7] ), problems of pseudometric (see [16] ).
Probability measures of logical connectives on QLs
In the paper [12] , the notion of a map for simultaneous measurements (an smap) on a QL has been introduced. This function is a measure of conjunction even for non-compatible propositions, see e.g. [23] .
The following properties of s-map have been proved:
The property 1. shows that s-maps can be seen as providing probabilities of 'virtual' conjunctions of propositions, even non-compatible ones, for in the case of compatible propositions the value p(a, b) coincides with the value that a state m p generated by p takes on the meet a ∧ b, which in this case really represents conjunction of a and b ( [23] ).
On the other hand, the identity p(a, b) = p(b, a) may not be true in general. So an s-map can be used for describing of stochastic causality [8, 14] .
Measures of logical connectives disjunction (j-map) and symmetric difference (d-map) are studied on a QL e.g. [16, 13] .
If p is an s-map on a QL, m p is a state induced by p and q p :
, where m d is a state induced by d.
Special bivariables maps on QLs
In [16] , special bivariables maps G satisfying
The following defininition brings an extended version of G-map.
A G-map enables modelling probability of logical connectives even for non-compatible propositions.
Proof. It suffices to verify the rules (G2) and (G3) from Definition 2.1, because (G1) is obvious.
The proof of the second identity is similar. [16] . See Table 1 . 
Family Γ 2 is the set of all s-maps (measures of conjuntion), Γ 3 the set of all j-maps (measures of disjunction), and Γ 4 is that of all d-maps (measures of symmetric difference) on a QL (see [16] for more details). In the present paper a map G generating a measure of projection on a QL is studied.
Probability measures of projections on QLs
This part is devoted to Γ 9 − Γ 12 with values in the vertices shown in the Table 2 . As Γ 9 and Γ 10 are analogical, only Γ 9 is studied in detail. Moreover: G ∈ Γ 11 iff 1 − G ∈ Γ 9 , and G ∈ Γ 12 iff 1 − G ∈ Γ 10 (Proposition 2.3 and Table 2 ). 
and taking into account that G : , a) . Moreover,
(iv) To prove this identity, it suffices to set 1 L = n i=1 b i and follow the method used in the previous item. (Q.E.D.) 3.2 Theorem. Let L be a QL, and G ∈ Γ 9 . Then for any a, b ∈ L it holds
Proof. Let G ∈ Γ 9 .
(i) Consider a, b ∈ L, a ↔ b. Then according to Lemmas 2.2 and 3.1
and for arbitrary x, y ∈ L, x ⊥ y, it holds
From Proposition 3.2 it follows that any G ∈ Γ 9 is a probability measure of the projection onto the first coordinate. Anological properties are fullfiled for any G ∈ Γ 10 , which is a probability measure of the projection onto the second coordinate.
If L is a Boolean algebra, then for any
If L is a QL but not a Boolean algebra, then the equality does not hold in general, as illustrates the following example.
. Every G ∈ Γ 9 can be fully defined by Table 3 , where α = 
From Table 3 , one can extract all states on L, related to the choice of r 1 , r 2 , u 1 , u 2 . Each column in the Table 3 represents a state on L. As example, m b and m 0 are in Table 4 . 
3.5 Theorem. For every s-map p there exists a G-map G p ∈ Γ 9 such that
The results for Γ 9 − Γ 12 are summarized in Table 5 . 
Summary
Two issues related to the G-map on a quantum logic arised: existence of this function and its properties on a QL. The existence of s-map has been solved in [11] and [12] . Some features of G-map are summarized in the following:
• The classes Γ 2 , Γ 3 , Γ 5 , Γ 6 are mutually isomorphic.
• Each probability measure on B induces a pseudometric. It means, that for any probability measure m, the map
and it does not have to be a pseudometric on the quantum logic.
• Let L be a QL, m be a state and p be an s-map. Then the first Bell-type inequality (1) is not necessarily fulfilled and the version (2) is always fulfilled. 
The second Bell-type innequality (3) is not necessarily fulfilled and the version (4) is fulfilled for every s-map, which induces a pseudometric on L [24] . • Analogically implication (5) (Jauch-Piron state, see e.g. [2, 7] ) can be violated on a QL L but implication (6) 
and moreover for any c ∈ L p(a, c) = p(c, a) = p(c, c).
• The classes Γ 9 -Γ 12 : On a Boolean algebra, every projection is a pure projection. On a quantum logic, a G-map is not necessarilly a pure projection, see Example 3.3.
The modeling of random events using of quantum logics allows to test, among other things, stochastic causality.
